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Abstract: The newly released KUKA LBR iiwa 14 R820 robot stands for intelligent industrial work
assistant (iiwa) and is, like its predecessor LBR IV, equipped with torque sensors in each joint, and can
be controlled through a real-time interface. Although the dynamic model of the robot is not published by
the manufacturer, its knowledge is indispensable for simulation and control based on the system model.
This paper presents the identification of the minimal set of base parameters, as well as a consistent set
of physical parameters for a rigid-link model of the KUKA LBR iiwa 14 R820 robot, including friction.
The experiments on the robot are conducted based on optimized excitation trajectories. The physical
parameters, which are required for stable dynamic simulations, are identified by solving a nonlinear
optimization problem, where constraints are included to ensure physical feasibilty. A validation and
cross-validation in simulation and experiments show a very accurate representation of the robot’s
dynamics by the resulting models. As a result, both sets of identified parameters are given.
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1. INTRODUCTION

More and more tasks in various sectors, as in medical care or
domestic and industrial applications, are assisted by or com-
pletely transferred to robotic manipulators. Robots are also
planned to be used in the future in the construction industry,
where more complex goals should be accomplished, such as
cooperative tasks. The KUKA LBR iiwa 14 R820 is especially
suited for research in robotics, as it is accessible through a
real-time interface named Fast Robot Interface, see KUKA
Robot Group (2015b). Moreover, it is mainly designed for in-
teractions with humans, and is therefore equipped with torque
sensors after the gearbox of each actuated joint, which allows
for cooperative interaction control. In order to develop model-
based controllers for a robotic manipulator, its dynamic model
is needed. Furthermore, if complex multi-robot tasks are con-
sidered, it is valuable to do dynamic simulations of the robots’
motions and interactions. In order to obtain reliable simulation
results, it is again crucial to know the robot’s model parameters.

In Bargsten et al. (2013), the identification of the dynamic
parameters of the KUKA LBR IV, the predecessor of the LBR
iiwa, is considered, and an identification procedure is outlined,
but no parameters are published. Its dynamic parameters are
published in Jubien et al. (2014b), and other approaches for the
identification of the parameters used by KUKA for the LBR IV
are proposed in Jubien et al. (2014a) and in Gaz et al. (2014).
Although the LBR iiwa and its predecessor are similar, their
dimensions are slightly different, and their parameters are not
identical. In Besset et al. (2016) , a method for static calibration
of the geometric parameters of the LBR iiwa is proposed, but
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to the best of our knowledge, no dynamic model parameters are
currently publicly available for the KUKA LBR iiwa 14 R820.

In Albu-Schäffer and Hirzinger (2001) and Ott (2008) , models
for robots with flexible links are considered, which include
joint elasticity and damping. However, as the joint stiffness
of the KUKA LBR iiwa is very high, despite its torque sen-
sors, a model of rigid links is used in this paper. Its validity
is confirmed by the high accuracy of the results. Rigid link
models can be formulated in terms of a minimal set of dy-
namic parameters, the base parameters, see Gautier and Khalil
(1990), which can be beneficial in some cases. However, for
dynamic simulations, a consistent set of the robot’s physical
parameters are required. This is the case for the open-source
robotics simulation software Gazebo, see Koenig and Howard
(2004), gazebosim.org (2015). Therefore, both the set of base
parameters and the set of consistent physical parameters of the
KUKA LBR iiwa 14 R820 robot are identified.

For the identification of base parameters, the inverse dynamics
model is used, as the dynamic parameters enter it linearly, see
Siciliano et al. (2010). In order to maximize the information
about the parameters in the robot’s motion, optimal excitation
trajectories are designed, which are tracked by the robot in ex-
periments. Based on the measured joint torques and positions,
the resulting equations, which are linear in the unknown param-
eters, are solved through a least-squares approach. To obtain
physical parameters, which are usable in dynamic simulations,
the identified parameters need to be physically consistent, as
shown in Mata et al. (2005). Therefore, constraints are included
in the identification, resulting in a nonlinear optimization prob-
lem. The resulting physical parameters are thus physically fea-
sible and consistent with the robot’s dynamics. However, they
do not necessarily match reality, when there are more physical
parameters than degrees of freedom in the dynamics. But a
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(e-mail: {stuerzy, rsmith}@control.ee.ethz.ch, lukasa@student.ethz.ch)

Abstract: The newly released KUKA LBR iiwa 14 R820 robot stands for intelligent industrial work
assistant (iiwa) and is, like its predecessor LBR IV, equipped with torque sensors in each joint, and can
be controlled through a real-time interface. Although the dynamic model of the robot is not published by
the manufacturer, its knowledge is indispensable for simulation and control based on the system model.
This paper presents the identification of the minimal set of base parameters, as well as a consistent set
of physical parameters for a rigid-link model of the KUKA LBR iiwa 14 R820 robot, including friction.
The experiments on the robot are conducted based on optimized excitation trajectories. The physical
parameters, which are required for stable dynamic simulations, are identified by solving a nonlinear
optimization problem, where constraints are included to ensure physical feasibilty. A validation and
cross-validation in simulation and experiments show a very accurate representation of the robot’s
dynamics by the resulting models. As a result, both sets of identified parameters are given.

Keywords: Robots manipulators, parameter identification, constrained parameters, robot dynamics,
industrial robots

1. INTRODUCTION

More and more tasks in various sectors, as in medical care or
domestic and industrial applications, are assisted by or com-
pletely transferred to robotic manipulators. Robots are also
planned to be used in the future in the construction industry,
where more complex goals should be accomplished, such as
cooperative tasks. The KUKA LBR iiwa 14 R820 is especially
suited for research in robotics, as it is accessible through a
real-time interface named Fast Robot Interface, see KUKA
Robot Group (2015b). Moreover, it is mainly designed for in-
teractions with humans, and is therefore equipped with torque
sensors after the gearbox of each actuated joint, which allows
for cooperative interaction control. In order to develop model-
based controllers for a robotic manipulator, its dynamic model
is needed. Furthermore, if complex multi-robot tasks are con-
sidered, it is valuable to do dynamic simulations of the robots’
motions and interactions. In order to obtain reliable simulation
results, it is again crucial to know the robot’s model parameters.

In Bargsten et al. (2013), the identification of the dynamic
parameters of the KUKA LBR IV, the predecessor of the LBR
iiwa, is considered, and an identification procedure is outlined,
but no parameters are published. Its dynamic parameters are
published in Jubien et al. (2014b), and other approaches for the
identification of the parameters used by KUKA for the LBR IV
are proposed in Jubien et al. (2014a) and in Gaz et al. (2014).
Although the LBR iiwa and its predecessor are similar, their
dimensions are slightly different, and their parameters are not
identical. In Besset et al. (2016) , a method for static calibration
of the geometric parameters of the LBR iiwa is proposed, but

� This research was supported by the NCCR Digital Fabrication, funded by
the Swiss National Science Foundation (NCCR Digital Fabrication Agreement
# 51NF40-141853).

to the best of our knowledge, no dynamic model parameters are
currently publicly available for the KUKA LBR iiwa 14 R820.
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consistent set of parameters is obtained, which is suitable for
reproducing the exact robot dynamics in stable simulations.

This paper is organized as follows. Section 2 states the equa-
tions of motion and the inverse dynamics model. In Section
3, the identification of the physical parameters is given as a
nonlinear optimization problem. Section 4 gives experimental
results and Section 5 concludes the paper. The identified base
parameters and physical parameters are given in the Appendix.

2. DYNAMIC MODEL OF THE ROBOT

2.1 Equations of Motion

Despite the compliance due to its torque sensors, the KUKA
LBR robot can be accurately modelled with rigid links. The
equations of motion, as in Siciliano et al. (2010) , are given by

τ = B(q)q̈+C (q, q̇) q̇+g(q)+Fvq̇+Fssign(q̇) , (1)
where q, q̇, q̈ ∈ Rn, with n the number of joints of the robot,
are the vectors of joint position, velocities and accelerations,
respectively. B(q) ∈ Rn×n is the inertia matrix, C(q, q̇)q̇ is the
vector of torques due to centrifugal and coriolis effects and g(q)
is the gravity vector. Fv and Fs ∈ Rn×n are diagonal matrices of
the viscous and coulomb friction parameters. The terms in (1)
depend on the configuration and motion of the robot, and on its
physical parameters, which we stack for each link i in the vector

µi := [mi, lCix, lCiy, lCiz, Iixx, Iixy, Iixz, Iiyy, Iiyz, Iizz, Fiv, Fis]
�, (2)

where mi is the mass of link i, the vector [lCix, lCiy, lCiz]
� defines

the distance from the center of the i-th link frame to the center
of mass of link i. The parameters Iixx, Iixy, Iixz, Iiyy, Iiyz and Iizz
form the symmetric inertia tensor of link i, defined relative to
the center of mass of link i in the i-th link frame, as

Ii
i :=

[
Iixx Iixy Iixz
∗ Iiyy Iiyz
∗ ∗ Iizz

]
.

Fiv and Fis are the parameters for viscous and coulomb friction,
respectively. All physical parameters of the robot form the
stacked vector µ :=

[
µ�

1 , ...,µ�
n
]�

. Note that we neglect the
kinetic and potential energy from the joint actuators, as their
contributions are low in relation to the energy of the links, and
no measurements of the rotors’ angular velocity are vailable.

2.2 Inverse Dynamics Model (IDM)

For the identification of the dynamic model of rigid robots, the
so-called inverse dynamics model is used. The dynamics equa-
tions are expressed linearly w.r.t. a set of dynamic parameters,
which are stacked in the vector π =

[
π�

1 , ...,π�
n
]�, where for

each link i, i = 1, ...,n, the parameter vector πi is defined as
πi := [Mi, MXi, MYi, MZi, XXi, XYi, XZi, YYi, YZi, ZZi, FVi, FSi]

�.
(3)

The relationship between the dynamic parameters in (3) and the
physical parameters in (2) are given by

Mi := mi , XXi := Iixx +mi · (l2
Ciy + l2

Ciz) ,

MXi := mi · lCix , XYi := Iixy −mi · lCix · lCiy ,

MYi := mi · lCiy , XZi := Iixz −mi · lCix · lCiz ,

MZi := mi · lCiz , YYi := Iiyy +mi · (l2
Cix + l2

Ciz) ,

FVi := Fiv , YZi := Iiyz −mi · lCiy · lCiz ,

FSi := Fis , ZZi := Iizz +mi · (l2
Cix + l2

Ciy) .

(4)

The inverse dynamics model is derived from the Lagrangian
equations, as in Siciliano et al. (2010), and is given by




τ1

τ2
...

τn




︸︷︷︸
τ

=




y�11 y�12 · · · y�1n

0� y�12 · · · y�1n
...

...
. . .

...
0� 0� · · · y�nn




︸ ︷︷ ︸
Y (q,q̇,q̈)

·




π1

π2
...

πn




︸ ︷︷ ︸
π

. (5)

The matrix Y can be computed from measurements of q and
estimates of q̇ and q̈.

2.3 Reduction to Base Parameters

Depending on the kinematic structure, the complete set of
dynamic parameters is not required to uniquely specify the
robot’s motion, see Gautier and Khalil (1988). Therefore, the
set of parameters to be identified can be reduced to a minimal
set of parameters, as shown in Gautier and Khalil (1990), which
are referred to as base parameters, πb. The relationship between
the complete vector of dynamic parameters, π , and the vector
of base parameters, πb, is linear. Details about the regrouping
can be found in Khalil and Dombre (2004). The equations for
regrouping π to πb, for the KUKA LBR iiwa, with n = 7, are

ZZR1 := ZZ1 +YY2 ,

MYR2 := MY2 +MZ3 + rl3 ·MR3 ,

XXR2 := XX2 −YY2 +YY3 +2 · rl3 ·MZ3 + rl23 ·MR3 ,

ZZR2 := ZZ2 +YY3 +2 · rl3 ·MZ3 + rl23 ·MR3 ,

MR3 := M3 +MR4 , XXR3 := XX3 −YY3 +YY4 ,

MYR3 := MY3 +MZ4 , ZZR3 := ZZ3 +YY4 ,

MR4 := M4 +MR5 ,

MYR4 := MY4 −MZ5 − rl5 ·MR5 ,

XXR4 := XX4 +YY5 −YY4 +2 · rl5 ·MZ5 + rl25 ·MR5 ,

ZZR4 := ZZ4 +YY5 +2 · rl5 ·MZ5 + rl25 ·MR5 ,

MR5 := M5 +MR6 , MYR6 := MY6 +MZ7 ,

MYR5 := MY5 −MZ6 , XXR6 := XX6 −YY6 +YY7 ,

XXR5 := XX5 −YY5 +YY6 , MR6 := M6 +M7 ,

ZZR5 := ZZ5 +YY6 , ZZR6 := ZZ6 +YY7 ,

XXR7 := XX7 −YY7 .

(6)

The inverse dynamics model from (5) with πb thus becomes
τ = Yb(q, q̇, q̈)πb , (7)

where the observation matrix Y from (5) is transformed into Yb,
according to the linear regrouping transformation of (6).

3. METHODS FOR DYNAMIC IDENTIFICATION

3.1 Least-Squares Approach

The dynamic model identification is based on the measure-
ments of joint torques, τmeas, and joint positions, qmeas, of
the robot during dynamic experiments. The joint velocities
and accelerations, q̇meas and q̈meas, respectively, are com-
puted from the measurements. From this data, the matrix
Yb(qmeas, q̇meas, q̈meas) in (7) can be constructed, see Siciliano
et al. (2010). During the experiment, M measurements along
the trajectory are recorded. The m-th measurement is denoted
by qmeas(m). The resulting matrix equation is given by
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τmeas(1)
...

τmeas(M)




︸ ︷︷ ︸
τmeas

=




Yb(qmeas(1), q̇meas(1), q̈meas(1))
...

Yb(qmeas(M), q̇meas(M), q̈meas(M))




︸ ︷︷ ︸
Y b

πb +




v(1)
...

v(M)




︸ ︷︷ ︸
v

, (8)

with τmeas the stacked vector of measured joint torque vectors.
The vector v contains the stacked measurement noise vectors
v(m), which are assumed to be additive zero mean Gaussian.
In order to reconstruct the robot’s motion, the reduced set of
base parameters, πb, can be estimated by solving the following
least-squares optimization problem, see Bargsten et al. (2013),

π∗
b,LS := argmin

πb

‖v‖2
2 = argmin

πb

∥∥Y bπb − τmeas
∥∥2

2. (9)

In order to reduce high-frequency noise, the measured data is
filtered. Details about the data acquisition and measurement
treatment are given in Section 4. The base parameters, which
are obtained as the solution of (9), are sufficient to uniquely
describe the robot’s dynamics.

3.2 Consideration of Physical Feasiblity

To obtain consistent physical parameters, a slightly different
approach than solving (9) has to be taken. The identification
is now formulated as an optimization problem in the physical
parameters, µ . The relation between the measured torques τ
and µ is described by the observation matrix Y as in (5) and by
the nonlinear relationship between π and µ as defined in (4) and
denoted by π(µ). In order to guarantee a physically meaningful
result, constraints on the physical parameters µ are introduced,
leading to the following nonlinear optimization problem

min
µ

∥∥τ −Y π(µ)
∥∥2

2 (10a)

s. t. µlb ≤ µ ≤ µub , (10b)

0 < mi , 0 < eig(Ii
i ) , (10c)

h(Ii
i )≤ 0 , ∀i ∈ {1, ...,n} , (10d)

where the lower and upper bounds µlb and µub are taken from
measurements, estimates, and CAD-files, see KUKA Robot
Group (2015a). The constraints (10c) guarantee physical feasi-
bility, i.e., positive masses and positive definite inertia tensors,
see Mata et al. (2005). The constraints (10d) on the entries of
the inertia matrix are introduced to obtain physical parame-
ters compatible with Gazebo. They are in part documented in
gazebosim.org (2014), and in part heuristically set to enable
numerically stable simulations. The constraints (10d) are

[Iizz, Iiyy, Iixx]
�− [Iixx + Iiyy, Iixx + Iizz, Iiyy + Iizz]

� ≤ 0 ,
max(Iixx, Iiyy, Iizz)−100 ·min(Iixx, Iiyy, Iizz)≤ 0 ,

3[I jzz, Ikyy]
�− [min(I jxx, I jyy), min(Ikxx, Ikzz)]

� ≤ 0 ,
max(|Iixy|, |Iixz|, |Iiyz|)−0.1|min(Iixx, Iiyy, Iizz)| ≤ 0 ,

−[Iixx, Iiyy, Iizz]
�+10−4[1,1,1]� ≤ 0 ,

−Fiv +0.1 ≤ 0 ,
∀i ∈ {1, ...,7} , ∀ j ∈ {1,3,5} , ∀k ∈ {2,4} .

They impose the triangular inequality of the diagonal elements
of the inertia matrix, see gazebosim.org (2014) and prevent
big differences between them. Moreover, the smallest diagonal
term of the inertia of links one to five is forced to correspond to
the axis parallel to the link length. The non-diagonal elements
of the inertia matrix should be small compared to the diagonal
ones. Finally, lower bounds on the diagonal inertia elements
and on the viscous friction coefficients are imposed.

Table 1. MDH Param. KUKA LBR iiwa 14 R820

Link i γi αi di θi rli Link i γi αi di θi rli
1 0 0 0 q1 0 5 0 π/2 0 q5 0.40m
2 0 π/2 0 q2 0 6 0 π/2 0 q6 0
3 0 −π/2 0 q3 0.42m 7 0 −π/2 0 q7 0
4 0 −π/2 0 q4 0

3.3 Optimal Excitation Trajectories

In order to reduce errors in the least-squares solution of (9)
due to measurement noise, the observation matrix needs to be
well-conditioned. This is the case, if the robot’s motion along
the trajectories sufficiently excites the effect of the dynamic
parameters, as the observation matrix Y b contains enough infor-
mation for the parameter identification. To this end, we design
optimal excitation trajectories to be tracked by the robot. The
optimality criterion to be minimized is the condition number
of Y b, referred to as cond(Y b), which is defined as the ratio
between its largest and smallest singular values, see Gautier
and Khalil (1991). The following parametrized Fourier series
are chosen as excitation trajectories, see Bargsten et al. (2013),

qi(t) :=
L

∑
l=1

ai,l
ω f l sin(ω f lt)− bi,l

ω f l cos(ω f lt) , i = 1, ...,n , (12)

for each joint i, where L is the number of sine- and cosine-
terms and f f =

ω f
2π is the fundamental frequency. Thus, the joint

velocities and accelerations can be analytically differentiated.
The parameters of the Fourier series, ai,l and bi,l , are optimized
with respect to the maximal information content of Y b, which
is expressed by the optimization problem

min
ai,l ,bi,l

cond(Y b) , ∀i = {1, ...,n} , ∀l = {1, ...,L} , (13)

subject to physical constraints of the robot’s kinematics and to
its actuation limits, see KUKA Robot Group (2015c). Different
approaches to the parametrized excitation trajectories are pos-
sible and were tested, such as sine series, splines, polynomials,
but the Fourier series give the best result, i.e., the lowest con-
dition number for Y b. The details of this optimization problem
and the resulting optimal excitation trajectories applied to the
KUKA LBR iiwa 14 R820 are given in Section 4.

4. EXPERIMENTS ON THE KUKA LBR IIWA

4.1 Description of the Robot’s Kinematics

The KUKA LBR iiwa is a serial robot with n = 7 rotational
joints, and no translational degrees of freedom. Its structure is
depicted in Figure 1. After each of the gearboxes, there are joint
torque sensors. Moreover, the robot is equipped with joint po-
sition encoders, see KUKA Robot Group (2015c). Because of
the serial structure, the kinematics can efficiently be described
by the Modified Denavit-Hartenberg (MDH) convention, as in
Khalil and Dombre (2004). The rotational axis of joint i is
denoted by zi, and the common normal axis between zi and zi−1
is denoted by xi. The parameter γi = 0 indicates that joint i is a
revolute joint, αi denotes the angle between the axes zi−1 and zi
about xi−1. θi is the angle between xi−1 and xi about zi. Finally,
rli indicates the distance between the axes xi−1 and xi along zi.
The MDH parameters of the KUKA LBR iiwa 14 R820 robot
are given in Table 1. For the dynamic description of the robot,
twelve physical parameters per link i, µi ∈ R12 as in (2), can
be defined. Alternatively, twelve dynamic parameters per link i,
πi ∈ R12 as in (3), can be used. The reduction to a minimal set
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τmeas(1)
...

τmeas(M)




︸ ︷︷ ︸
τmeas

=




Yb(qmeas(1), q̇meas(1), q̈meas(1))
...

Yb(qmeas(M), q̇meas(M), q̈meas(M))




︸ ︷︷ ︸
Y b

πb +




v(1)
...

v(M)




︸ ︷︷ ︸
v

, (8)

with τmeas the stacked vector of measured joint torque vectors.
The vector v contains the stacked measurement noise vectors
v(m), which are assumed to be additive zero mean Gaussian.
In order to reconstruct the robot’s motion, the reduced set of
base parameters, πb, can be estimated by solving the following
least-squares optimization problem, see Bargsten et al. (2013),

π∗
b,LS := argmin

πb

‖v‖2
2 = argmin

πb

∥∥Y bπb − τmeas
∥∥2

2. (9)

In order to reduce high-frequency noise, the measured data is
filtered. Details about the data acquisition and measurement
treatment are given in Section 4. The base parameters, which
are obtained as the solution of (9), are sufficient to uniquely
describe the robot’s dynamics.

3.2 Consideration of Physical Feasiblity

To obtain consistent physical parameters, a slightly different
approach than solving (9) has to be taken. The identification
is now formulated as an optimization problem in the physical
parameters, µ . The relation between the measured torques τ
and µ is described by the observation matrix Y as in (5) and by
the nonlinear relationship between π and µ as defined in (4) and
denoted by π(µ). In order to guarantee a physically meaningful
result, constraints on the physical parameters µ are introduced,
leading to the following nonlinear optimization problem

min
µ

∥∥τ −Y π(µ)
∥∥2

2 (10a)

s. t. µlb ≤ µ ≤ µub , (10b)

0 < mi , 0 < eig(Ii
i ) , (10c)

h(Ii
i )≤ 0 , ∀i ∈ {1, ...,n} , (10d)

where the lower and upper bounds µlb and µub are taken from
measurements, estimates, and CAD-files, see KUKA Robot
Group (2015a). The constraints (10c) guarantee physical feasi-
bility, i.e., positive masses and positive definite inertia tensors,
see Mata et al. (2005). The constraints (10d) on the entries of
the inertia matrix are introduced to obtain physical parame-
ters compatible with Gazebo. They are in part documented in
gazebosim.org (2014), and in part heuristically set to enable
numerically stable simulations. The constraints (10d) are

[Iizz, Iiyy, Iixx]
�− [Iixx + Iiyy, Iixx + Iizz, Iiyy + Iizz]

� ≤ 0 ,
max(Iixx, Iiyy, Iizz)−100 ·min(Iixx, Iiyy, Iizz)≤ 0 ,

3[I jzz, Ikyy]
�− [min(I jxx, I jyy), min(Ikxx, Ikzz)]

� ≤ 0 ,
max(|Iixy|, |Iixz|, |Iiyz|)−0.1|min(Iixx, Iiyy, Iizz)| ≤ 0 ,

−[Iixx, Iiyy, Iizz]
�+10−4[1,1,1]� ≤ 0 ,

−Fiv +0.1 ≤ 0 ,
∀i ∈ {1, ...,7} , ∀ j ∈ {1,3,5} , ∀k ∈ {2,4} .

They impose the triangular inequality of the diagonal elements
of the inertia matrix, see gazebosim.org (2014) and prevent
big differences between them. Moreover, the smallest diagonal
term of the inertia of links one to five is forced to correspond to
the axis parallel to the link length. The non-diagonal elements
of the inertia matrix should be small compared to the diagonal
ones. Finally, lower bounds on the diagonal inertia elements
and on the viscous friction coefficients are imposed.

Table 1. MDH Param. KUKA LBR iiwa 14 R820

Link i γi αi di θi rli Link i γi αi di θi rli
1 0 0 0 q1 0 5 0 π/2 0 q5 0.40m
2 0 π/2 0 q2 0 6 0 π/2 0 q6 0
3 0 −π/2 0 q3 0.42m 7 0 −π/2 0 q7 0
4 0 −π/2 0 q4 0

3.3 Optimal Excitation Trajectories

In order to reduce errors in the least-squares solution of (9)
due to measurement noise, the observation matrix needs to be
well-conditioned. This is the case, if the robot’s motion along
the trajectories sufficiently excites the effect of the dynamic
parameters, as the observation matrix Y b contains enough infor-
mation for the parameter identification. To this end, we design
optimal excitation trajectories to be tracked by the robot. The
optimality criterion to be minimized is the condition number
of Y b, referred to as cond(Y b), which is defined as the ratio
between its largest and smallest singular values, see Gautier
and Khalil (1991). The following parametrized Fourier series
are chosen as excitation trajectories, see Bargsten et al. (2013),

qi(t) :=
L

∑
l=1

ai,l
ω f l sin(ω f lt)− bi,l

ω f l cos(ω f lt) , i = 1, ...,n , (12)

for each joint i, where L is the number of sine- and cosine-
terms and f f =

ω f
2π is the fundamental frequency. Thus, the joint

velocities and accelerations can be analytically differentiated.
The parameters of the Fourier series, ai,l and bi,l , are optimized
with respect to the maximal information content of Y b, which
is expressed by the optimization problem

min
ai,l ,bi,l

cond(Y b) , ∀i = {1, ...,n} , ∀l = {1, ...,L} , (13)

subject to physical constraints of the robot’s kinematics and to
its actuation limits, see KUKA Robot Group (2015c). Different
approaches to the parametrized excitation trajectories are pos-
sible and were tested, such as sine series, splines, polynomials,
but the Fourier series give the best result, i.e., the lowest con-
dition number for Y b. The details of this optimization problem
and the resulting optimal excitation trajectories applied to the
KUKA LBR iiwa 14 R820 are given in Section 4.

4. EXPERIMENTS ON THE KUKA LBR IIWA

4.1 Description of the Robot’s Kinematics

The KUKA LBR iiwa is a serial robot with n = 7 rotational
joints, and no translational degrees of freedom. Its structure is
depicted in Figure 1. After each of the gearboxes, there are joint
torque sensors. Moreover, the robot is equipped with joint po-
sition encoders, see KUKA Robot Group (2015c). Because of
the serial structure, the kinematics can efficiently be described
by the Modified Denavit-Hartenberg (MDH) convention, as in
Khalil and Dombre (2004). The rotational axis of joint i is
denoted by zi, and the common normal axis between zi and zi−1
is denoted by xi. The parameter γi = 0 indicates that joint i is a
revolute joint, αi denotes the angle between the axes zi−1 and zi
about xi−1. θi is the angle between xi−1 and xi about zi. Finally,
rli indicates the distance between the axes xi−1 and xi along zi.
The MDH parameters of the KUKA LBR iiwa 14 R820 robot
are given in Table 1. For the dynamic description of the robot,
twelve physical parameters per link i, µi ∈ R12 as in (2), can
be defined. Alternatively, twelve dynamic parameters per link i,
πi ∈ R12 as in (3), can be used. The reduction to a minimal set
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Fig. 1. Link frames of the KUKA LBR iiwa 14 R820

of parameters, as described in Section 2, leads to Np = 57 base
parameters πb, as detailed in Table 2 in the Appendix.

4.2 Optimal Excitation Trajectories for the KUKA LBR iiwa

In the following, optimization problem (13) is solved in order to
find the optimal excitation trajectories for the dynamic identifi-
cation of the iiwa 14 R820. In the parametrized Fourier series
(12), the number of sine- and cosine-terms is set to L = 5 and
the fundamental frequency to f f =

ω f
2π = 0.1 Hz. The duration

of the trajectory is 10 s and together with a sample frequency of
100 Hz, this leads to 1000 samples to construct the observation
matrix Y b. The resulting optimization problem becomes

min
ai,l ,bi,l

cond(Y b) (14a)

s. t. qi(t) :=
L

∑
l=1

ai,l
ω f l sin(ω f lt)− bi,l

ω f l cos(ω f lt) , (14b)

[
5

∑
l=1

ai,l
l ,

5

∑
l=1

bi,l ,
5

∑
l=1

l ·ai,l

]�
= 0 , (14c)

5

∑
l=1

1
l

√
a2

i,l +b2
i,l ≤ ω f qi,max , (14d)

5

∑
l=1

√
a2

i,l +b2
i,l ≤ q̇i,max , (14e)

[ai,l bi,l ]
� ≤ min

(
l · 2π

5Tf
qi,max, q̇i,max

)
[1 1]�, (14f)

− [ai,l bi,l ]
� ≤−max

(
l · 2π

5Tf
qi,min, q̇i,min

)
[1 1]�, (14g)

∀i = 1, ...,7 , ∀l = 1, ...,5 ,

where qi,min, qi,max and q̇i,min, q̇i,max are the lower and upper
bounds on the joint positions and velocities of the robot, re-
spectively. They can be found in KUKA Robot Group (2015c).
The constraints (14c)-(14e) account for zero initial joint posi-
tions, velocities and accelerations of the trajectories. In order to
achieve a feasible trajectory, bounds on the parameters ai,l and
bi,l are set in (14f)-(14g). In Figure 2, the optimal trajectories
q∗i (t) for the joints i = 1, ...,7 are depicted, which give a condi-
tion number of cond(Y b) = 65. In Figure 3, the resulting path
of the end-effector during the optimal trajectory is shown.
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Fig. 2. Position trajectories of the seven joints during excitation.
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Fig. 3. Cartesian position of the end-effector during the excita-

tion trajectory, ∗ denotes the start and end position.

4.3 Experimental Data Acquisition

The optimal excitation trajectories q∗i (t), i = 1, ...7, for the
seven joints are commanded in the Joint Position Control Mode
from the real-time client Fast Robot Interface to the robot, see
KUKA Robot Group (2015b). The joint positions and torques
from the robot are recorded with a sampling frequency of
fs = 1 kHz over K = 16 periods. The raw recorded data is
denoted by q̃meas and τ̃meas, for the joint positions and torques,
respectively. The m-th measurements are denoted by q̃meas(m)
and τ̃meas(m) and are averaged over the K recorded peri-
ods according to τmeas(m) := 1

K ∑K
k=1 τ̃meas,k(m) , qmeas(m) :=

1
K ∑K

k=1 q̃meas,k(m) , with q̃meas,k and τ̃meas,k being the recorded
data from period k. The measured and averaged joint positions
qmeas(m), with m = 1, ...,M, are then filtered offline with a non-
causal zero-phase low-pass IIR Butterworth filter of order 20
and of a cutoff frequency of 2 Hz in both the forward and the
reverse direction. This filtering approach can be found in Gau-
tier et al. (2013). From the resulting data, the joint velocities
and accelerations are estimated using a central difference algo-
rithm to avoid lag. The measured and averaged joint torques
τmeas(m) are filtered in the same way with a low-pass IIR
Butterworth filter of order 12 and of a cutoff frequency of 1.6
Hz. With this processed data, τmeas = [τmeas(1), ...,τmeas(M)]�

and Y b(qmeas, q̇meas, q̈meas) are computed as in (8).

4.4 Estimation of Base Parameters

Using the averaged and filtered measurements of the joint
torques τmeas(m) and joint positions qmeas(m) and the computed
estimates of the joint velocities and accelerations q̇meas(m) and
q̈meas(m), the observation matrix Y b is computed and the least-
squares optimization problem (9) is solved. The results of the
identified base parameters are given in Table 2 in the Ap-
pendix, together with their relative standard deviations, which
are indicators of the quality of the individual parameter esti-
mates, see Khalil and Dombre (2004), computed by σπ j,r% =
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100(σπ j/|π j|) , with σπ j :=
√

Cπ( j, j) being the standard devi-
ation of the estimation error of the parameter j, j = 1, ...,Np,
with Np the number of base parameters and

Cπ := σ2
ρ (Y

�Y )−1, (15)
the variance-covariance matrix of the estimation error. In (15),
the variance of the parameter estimation, σ2

ρ , is computed, as in

Khalil and Dombre (2004), by σ2
ρ :=

∥∥τ −Y π
∥∥2

2/(Mn−Np) .
The standard deviations indicate very accurate results for all pa-
rameters except joint seven. One reason for this is that its mass
and absolute range of torques are much smaller compared to
the other joints, necessarily leading to bigger relative standard
deviations for the same absolute deviations. However, whereas
the accuracy of the parameters of lower joints in the kinematic
chain is important, as the motions of higher joints depend on
them, this is not the case for the seventh joint. It could in fact be
controlled without relying on its model parameters, by a simple
feedback controller. A further validation of the identified base
parameters is presented in Section 4.6.

4.5 Estimation of Consistent Physical Parameters

In order to obtain a consistent set of physical parameters, the
nonlinear optimization problem (10a)-(10d) is solved using the
SQP solver of fmincon in Matlab. The initial values are chosen
based on approximations of the robot’s links as cylinders of
homogeneous mass distribution. The results of the identified
consistent physical parameters of the KUKA LBR iiwa 14
R820 are given in Table 3 in the Appendix.

4.6 Validation and Cross-Validation of the Identified Parameters

In order to test the quality of the estimated parameters, four
reference trajectories qre f , j(t), j = 1, ...,4, are defined and a
comparison is done between the joint torques τmeas which are
measured in experiments on the robot tracking the reference
trajectories and the joint torques τsim which are computed, sim-
ulated, using the dynamic model with the identified parameters
in Matlab. As a quantifier, the root mean square error between
the measured and simulated torques of joint i is computed

according to εRMS,i :=
√

1
M ∑M

m=1 (τmeas,i(m)− τsim,i(m))2. For
a direct validation, the excitation trajectory of the identification
is used as the first reference trajectory, qre f ,1(t) = q∗(t), with
q∗(t) solving (14a)-(14g). The resulting RMS values for the
identified base parameters and physical parameters are given
in Table 4 in the Appendix. Both are in the same range and
indicate a very high precision of the identified sets of param-
eters. The RMS values for the base parameters are slightly
smaller, as they represent the global optimum of (9), whereas
the physical parameters could represent a local optimum of
(10a)-(10d) because of the nonlinearity of the problem.

For the validation of the physical parameters, the joint torques
are also simulated in Gazebo. All three time series of the
joint torques, i.e. the measured ones, and the simulated ones
in Matlab and Gazebo, are shown in Figure 4. In Gazebo, in
order to ensure good reference tracking, an inverse dynamics
PD-controller is used, which neglects friction. This is a reason
for the higher deviations between the measured values and the
simulated values in Gazebo in comparison to the deviations be-
tween the measured torques and the simulated ones in Matlab.

To do a cross-validation of the identified physical parameters,
another three reference trajectories different from the excitation
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Fig. 4. Joint torques during parameter validation using refer-
ence trajectory qre f ,1(t): Simulated and measured values.

trajectory are used. The second one, qre f ,2(t), is defined as a
sine series trajectory qre f ,2,i(t) := ∑L

l=1 ai,l sin(bi,lt), i = 1, ...,7,
with L = 5 and where the parameters ai,l ,bi,l are optimized for
the excitation of the robot’s parameters, in the same way as in
(14a)-(14g). The third reference trajectory, qre f ,3(t), is defined
as a fifth order polynomial trajectory. It is defined through
k = 1, ...,K with K = 10 intervals of random durations T k. At
the end of the intervals, randomly defined waypoints Dk

i have to
be reached by joint i, i = 1, ...,7. The part of the trajectory for
joint i between the two way points k−1 and k is defined as

qk
re f ,3,i(t) =

(
10 ·

(
t

T k

)3
−15 ·

(
t

T k

)4
+6 ·

(
t

T k

)5
)
·Dk

i +Dk−1
i .

The total duration of qre f ,3(t) is ∑K
k=1 T k = 10 s. The fourth

reference trajectory qre f ,4(t) is defined similarly to qre f ,3(t); it
is again a fifth order polynomial trajectory, but is defined by
K = 20 instead of 10 random intervals. The total duration is
again ∑K

k=1 T k = 10 s. The resulting RMS-errors between the
measured torques and the simulated ones using Matlab for the
cross-validation with all three reference trajectories qre f ,2(t),
qre f ,3(t) and qre f ,4(t) are given in Table 4 in the Appendix.

5. CONCLUSION

The minimal set of base parameters as well as a consistent set
of physical parameters of the KUKA LBR iiwa 14 R820 robot
have been identified in experiments with optimal excitation tra-
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100(σπ j/|π j|) , with σπ j :=
√

Cπ( j, j) being the standard devi-
ation of the estimation error of the parameter j, j = 1, ...,Np,
with Np the number of base parameters and

Cπ := σ2
ρ (Y

�Y )−1, (15)
the variance-covariance matrix of the estimation error. In (15),
the variance of the parameter estimation, σ2

ρ , is computed, as in

Khalil and Dombre (2004), by σ2
ρ :=

∥∥τ −Y π
∥∥2

2/(Mn−Np) .
The standard deviations indicate very accurate results for all pa-
rameters except joint seven. One reason for this is that its mass
and absolute range of torques are much smaller compared to
the other joints, necessarily leading to bigger relative standard
deviations for the same absolute deviations. However, whereas
the accuracy of the parameters of lower joints in the kinematic
chain is important, as the motions of higher joints depend on
them, this is not the case for the seventh joint. It could in fact be
controlled without relying on its model parameters, by a simple
feedback controller. A further validation of the identified base
parameters is presented in Section 4.6.

4.5 Estimation of Consistent Physical Parameters

In order to obtain a consistent set of physical parameters, the
nonlinear optimization problem (10a)-(10d) is solved using the
SQP solver of fmincon in Matlab. The initial values are chosen
based on approximations of the robot’s links as cylinders of
homogeneous mass distribution. The results of the identified
consistent physical parameters of the KUKA LBR iiwa 14
R820 are given in Table 3 in the Appendix.

4.6 Validation and Cross-Validation of the Identified Parameters

In order to test the quality of the estimated parameters, four
reference trajectories qre f , j(t), j = 1, ...,4, are defined and a
comparison is done between the joint torques τmeas which are
measured in experiments on the robot tracking the reference
trajectories and the joint torques τsim which are computed, sim-
ulated, using the dynamic model with the identified parameters
in Matlab. As a quantifier, the root mean square error between
the measured and simulated torques of joint i is computed

according to εRMS,i :=
√

1
M ∑M

m=1 (τmeas,i(m)− τsim,i(m))2. For
a direct validation, the excitation trajectory of the identification
is used as the first reference trajectory, qre f ,1(t) = q∗(t), with
q∗(t) solving (14a)-(14g). The resulting RMS values for the
identified base parameters and physical parameters are given
in Table 4 in the Appendix. Both are in the same range and
indicate a very high precision of the identified sets of param-
eters. The RMS values for the base parameters are slightly
smaller, as they represent the global optimum of (9), whereas
the physical parameters could represent a local optimum of
(10a)-(10d) because of the nonlinearity of the problem.

For the validation of the physical parameters, the joint torques
are also simulated in Gazebo. All three time series of the
joint torques, i.e. the measured ones, and the simulated ones
in Matlab and Gazebo, are shown in Figure 4. In Gazebo, in
order to ensure good reference tracking, an inverse dynamics
PD-controller is used, which neglects friction. This is a reason
for the higher deviations between the measured values and the
simulated values in Gazebo in comparison to the deviations be-
tween the measured torques and the simulated ones in Matlab.

To do a cross-validation of the identified physical parameters,
another three reference trajectories different from the excitation
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Fig. 4. Joint torques during parameter validation using refer-
ence trajectory qre f ,1(t): Simulated and measured values.

trajectory are used. The second one, qre f ,2(t), is defined as a
sine series trajectory qre f ,2,i(t) := ∑L

l=1 ai,l sin(bi,lt), i = 1, ...,7,
with L = 5 and where the parameters ai,l ,bi,l are optimized for
the excitation of the robot’s parameters, in the same way as in
(14a)-(14g). The third reference trajectory, qre f ,3(t), is defined
as a fifth order polynomial trajectory. It is defined through
k = 1, ...,K with K = 10 intervals of random durations T k. At
the end of the intervals, randomly defined waypoints Dk

i have to
be reached by joint i, i = 1, ...,7. The part of the trajectory for
joint i between the two way points k−1 and k is defined as

qk
re f ,3,i(t) =

(
10 ·

(
t

T k

)3
−15 ·

(
t

T k

)4
+6 ·

(
t

T k

)5
)
·Dk

i +Dk−1
i .

The total duration of qre f ,3(t) is ∑K
k=1 T k = 10 s. The fourth

reference trajectory qre f ,4(t) is defined similarly to qre f ,3(t); it
is again a fifth order polynomial trajectory, but is defined by
K = 20 instead of 10 random intervals. The total duration is
again ∑K

k=1 T k = 10 s. The resulting RMS-errors between the
measured torques and the simulated ones using Matlab for the
cross-validation with all three reference trajectories qre f ,2(t),
qre f ,3(t) and qre f ,4(t) are given in Table 4 in the Appendix.

5. CONCLUSION

The minimal set of base parameters as well as a consistent set
of physical parameters of the KUKA LBR iiwa 14 R820 robot
have been identified in experiments with optimal excitation tra-
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jectories. Both sets of parameters give a correct description of
the robot’s dynamics. A direct validation and cross-validation
of the identified parameters in simulations and experiments
show a very good match to the dynamic model of the robot. The
knowledge of a consistent set of physical parameters is very
useful for stable dynamic simulations.
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APPENDIX

Table 2. Identified base parameters πb and relative
standard deviation σ .

Par. Value σ [%] Par. Value σ [%] Par. Value σ [%]

ZZR1 -0.146 1.02 FV3 0.144 2.65 FS5 0.085 2.81
FV1 0.181 2.15 FS3 0.083 3.02 MX6 -0.005 3.62
FS1 0.336 0.69 MX4 -0.006 4.26 MYR6 0.097 0.20
MX2 -0.020 2.98 MYR4 -2.272 0.02 XXR6 -0.007 12.43

MYR2 5.805 0.01 XXR4 0.751 0.30 XY6 -0.020 2.69
XXR2 2.361 0.19 XY4 -0.009 11.51 XZ6 0.009 4.90
XY2 0.033 4.15 XZ4 -0.005 17.66 YZ6 0.021 2.07
XZ2 -0.025 7.19 YZ4 0.020 5.07 ZZR6 0.009 6.17
YZ2 0.022 7.29 ZZR4 0.780 0.19 FV6 0.137 1.87

ZZR2 2.280 0.12 FV4 0.070 6.29 FS6 0.102 2.09
FV2 0.356 1.19 FS4 0.207 1.14 MX7 -0.004 5.78
FS2 0.161 1.58 MX5 0.005 5.35 MY7 0.001 24.84
MX3 -0.025 2.87 MYR5 0.081 0.41 XXR7 -0.015 3.33

MYR3 0.018 2.16 XXR5 0.021 7.64 XY7 -0.000 167.21
XXR3 0.048 6.35 XY5 0.029 2.35 XZ7 -0.003 12.96
XY3 -0.038 3.66 XZ5 -0.025 2.33 YZ7 0.007 5.47
XZ3 -0.054 2.90 YZ5 0.008 9.40 ZZR7 -0.020 3.16
YZ3 -0.022 7.21 ZZR5 -0.002 42.25 FV7 0.008 31.49

ZZR3 0.051 2.87 FV5 0.040 6.77 FS7 0.166 1.31

Table 3. Identified physical parameters with con-
straints for physical feasibility and Gazebo.

Par. Link 1 Link 2 Link 3 Link 4 Link 5 Link 6 Link 7

mi 3.94781 4.50275 2.45520 2.61155 3.41000 3.38795 0.35432
lCix -0.00351 -0.00767 -0.00225 0.00020 0.00005 0.00049 -0.03466
lCiy 0.00160 0.16669 -0.03492 -0.05268 -0.00237 0.02019 -0.02324
lCiz -0.03139 -0.00355 -0.02652 0.03818 -0.21134 -0.02750 0.07138
Iixx 0.00455 0.00032 0.00223 0.03844 0.00277 0.00050 0.00795
Iixy 0.00000 0.00000 -0.00005 0.00088 -0.00001 -0.00005 0.00022
Iixz -0.00000 0.00000 0.00007 -0.00112 0.00001 -0.00003 -0.00029
Iiyy 0.00454 0.00010 0.00219 0.01144 0.00284 0.00281 0.01089
Iiyz 0.00001 -0.00000 0.00007 -0.00111 -0.00000 -0.00004 -0.00029
Iizz 0.00029 0.00042 0.00073 0.04988 0.00012 0.00232 0.00294
Fiv 0.24150 0.37328 0.11025 0.10000 0.10000 0.12484 0.10000
Fis 0.31909 0.18130 0.07302 0.17671 0.03463 0.13391 0.08710

Table 4. RMS Errors between measured and simu-
lated torques for joints i in Matlab. qre f ,1(t): vali-
dation of πb and µ . qre f ,2(t), qre f ,3(t) and qre f ,4(t):

cross-validation of the physical parameters µ .

πb µ µ µ µ
qre f ,1(t) qre f ,1(t) qre f ,2(t) qre f ,3(t) qre f ,4(t)

joint RMS [Nm] RMS [Nm] RMS [Nm] RMS [Nm] RMS [Nm]
i = 1 0.29 0.35 0.34 0.55 0.43
i = 2 0.36 0.39 0.44 0.48 0.74
i = 3 0.13 0.14 0.23 0.23 0.15
i = 4 0.15 0.17 0.17 0.25 0.27
i = 5 0.08 0.09 0.12 0.15 0.06
i = 6 0.18 0.21 0.22 0.22 0.15
i = 7 0.06 0.10 0.12 0.12 0.06
Total 1.25 1.44 1.64 2.0 1.87

Proceedings of the 20th IFAC World Congress
Toulouse, France, July 9-14, 2017

7072


